@ Unit- IV

Cbmplex Variables - 2

41| Conformal Transformations
Introduction

If y = f(x) isasingle valued function of the real variable x then for every value of
x there corresponds a value y and the set of points (x, y) describe a curve C.
This topic deals with the method of representing a complex valued function
w = f(z) geometrically.

Definitions and Theorem

Consider a complex valued function w = f(z). Putting z = x+iy,
w=f(z)=u(x,y)+iv(x, y). The complex quantities z = z(x, y),
w=w(u, v) are represented in two separate planes namely the z - plane and the
w - plane respectively. A point (x, y) in the z— plane corresponds to a point
(u, v) inthe w-plane.Ifasetof points (x, y) tracesacurve C inthe z-plane
and the corresponding points (u, v) traces a curve C’ in the w - plane, we say that
the curve C is transformedimapped onto the curve C’ under the transformation
w = f(z). The corresponding set of points in the two planes are called images of
each other.

I a transformation preserves the angle between any two curves both ii sagnitude and
sense then it is called a conformal transformation. If only the magnitude of the
angle is preserved then the transformationis called a Isogonal transformation.

The transformation is conformal if 8 = 8 as in the following figure.
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We now proceed to prove the sufficient condition for a complex valued function
w = f(z) torepresent a conformal transformation.

Theorem : If w = f(z) is an analytic function of z in a region of the z - plane then
w = f(z) is conformal at all points of the region where f'(z) # 0.

Proof:Let A(z), B(z+ 8z) bethetwoneighbouring points on thecurve C of the
z-planeand A'(w), B’ (w+3w) be the corresponding points on the curve C’
of the w — plane.

Ay Ay

7]
. dw
We can write amp 3, = Amp dw-—amp dz
since amp (z,/2,) = amp z, —amp z,
. dw ,
ie., amp 5y 6'-0
dw dw
Lt —=——=f"(2)
5z—0 8z dz
Since f ‘(z ) # 0 by hypothesis we can write,
f’(z) = Ré™ where R # 0. Taking amplitudes,
Lt amp dw = o where ¢ is a definite angle.
520 §z
(- when z = ré'®, r is called the modulus, © is called the amplitude)
ie., Lt (86'-6)=0a=ampf’'(z) ...(1)

B—oA
Let two curves C,, C, intersect at'a point P(z,)} of the z- plane and the

corresponding curves C*;, C’, atapoint P’(w,) of the w- plane.

Let , R ; Q’, R’ be the two neighbouring pointsof P and P’ respectively.
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From (1) 92’—62 = o = amp f’(zo)
8,'-0; = & = amp f’(z,) in the limiting case.
Equating the LHS of these equaitions we have,
0,/ -0,=106,"-6, or 8,-0, = 6,-0,
[ T
Q'P'R"=QPR
That is, angle of intersection at P is the same as the angle of intersection at P".
Thus the transformation is conformal.

Note: Sincef(z) isanalytic, u and v satisfy C-R equations u, =0, andv, = ~ U,

d(u, v) -
0(x,y)

u u
X L)
v v
x ¥

We have the jacobian | =

. - _ _ . s _ 2
ie., ]-uxvy UV = U U ( vx)vx-ux+vj2c

But  f'(z)=wu +iv, o f(z) |2 =t

2 _
x+vx—]

This implies that for a conformal transformation the Jacobian | of u, vwrt. x, y must be
different from zero.

4.2 Bilinear Transformation (BLT)

] az+b
The transformation w =
cz+d

that ad - bc # 0 is called a bilinear transformation.

,where a, b, ¢, d are real / complex constants such

Remark. :

1. The condition ad — bc # O ensures the conformal property of the BLT. We have,
dw _(cz+d)a- (uz+b)e_ ad- b ad = be# 0 implies L 40
dz (cz+4d) (cz +d) dz
and hence the transformation is conformal.
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2. The cross ratio of a set of 4 points (Pl, PZ' P3, P4) is defined by
(Py - Py) (P - Py)
(Py -~ P3)(Py - Pp)
3. Invariant points : ¥ a point z maps onto itself, thatis w = z under the bilinear

transformation then the point is called an invariant point or a fixed point of the bilinear
transformation.

4. Bilinear transformation is also called Mobius Transformation.

Theorems on Bilinear Transformation

Theorem-1 If wis a bilinear transformation of z then z is a bilinear transformation
of w. Also if z is a bilinear transformation of t then w is a bilinear transformation of t.

Proof: Bydata w = az+ b where ad — bc# 0
cz+d
Le., w(cz+'d)=az+b
or z(cw-a)=-dw+b .. :J:=:d£i:—l2
cw-a

Also dz _ (ew - a)y(-dy) - (;dw +b)e - ad - br:2

dw (cw — a) (cw - a)
Since ad — bc # 0 by data, we conclude that z is a bilinear transformation of w.
Further z = :fuﬂif is called the inverse bilinear transformation.

Further if w is a bilinear transformation of z and z is a bilinear transformation of t,
we shall prove that w is abilinear transformation of ¢.

Bydata w = 2252 where ad - b # 0 D)
cz +d
a,t+ b
Z=C‘1_t+—dl where aldl-blclatO . (2)

Using (2) in the RHS of (1) we have,

’
.a]t+b1
letra |t
it a4 aalt+ab1+bclt+bd1
w = =
falt+b1\ apct +byc+cpdt +dd
C —d + d
clt+ 1
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(aa1+bc1)t+(ab1+bd]) At + B
YT acted)t+ (be+dd) Ct+D

Le.,

(say)

where A=aa1+bc1 , B=abl+bd1
C=ac+ed, D=0bc+dd
Now AD - BC = (aa; + bcy) (byc +dd)) - (ab + bdy) (a,c + ¢ d)
= (acay by + ada, d; + bch ¢ + bdeyd;)
" ~ (aca by + adby c, + bea d; + bdc, d,)
=ad (ayd; ~ bycy) ~ be (a, dl — by c;) (other terms cancelling)
AD - BC = (a,;d; — b c;) (ad - bc) # 0 by using the data.

w_At+B
" Ct+ D

This proves that w is a bilinear transformation of t.

Thus

where AD - BC # 0

Theorem-2 The cross ratio of a set of four points is preserved (remain invariant)
under a bilinear transformation. p

az + b where ad - bc # 0 be thgxbilinear transformation

Proof : Let w = -~
cz+d

and let Wy, Wy, Wy W, be the images of 2y, Zor 2y Z4 under this bilinear

transformation.

We have to prove that,
(wy —wy) (w3 —wy) (2 = 2)(23 - 24)
(wy —wy) (wy — ) (2, — 23) (24 - 2,)

.. (1)

azl+b azz+b

czl+d_czz+d

Now, w - w, =

(azy + b)(czy +d) - (az, + b) (cz + d)

(czy +d)(cz, + d)

_ (acz, z, + adz) + bez, + bd) - (acz, z, + adz, + bez + bd)

(czq + d) (cz, +d)
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ad (zy - zy) - b::(zAl - z,)
(ezy + d) (cz, + d)

(w1 -W,) =

(ad - be) (z; - z,)
(29 +d) (czy + d)

(wl - wz) =

By symmetry we can simply write down the expression for (w, — w,), (w, — w;)
and (wy, - w;)

LHS of (1) becomes,
(ad - bec) (z; - z,) (ad-bc) (23 — z4)
(czy +d)(cz, + d) ' (czy +d) (cz, + d) (z2y = 2y) (23 — 24)
(ad - bc) (z, — z23) (ad - bc) (z4 - zl)= (25 — 23)(24 — 2;)
(czy +d)(czq + d) (cz4+d)(czl+d)

= RHS

This proves that the cross ratio of a set of four points is preserved under the
bilinear transformation.

Theorem-3 Every bilinear transformation map circles or straight lines in the z-plane
into circles or straight lines in the w-plane.

Note : The general equation of a circle in the cartesian form >+ y2 +2gx+2fy+c =0
can be put in the complex form :

Azz+Bz+Bz+C =0 where A , C are real constants and B is a complex constant

satisfying the condition BB > A C. Further when A = 0, the equation represents a
straight line.

Proof it w = — :Z where ad - bc # 0 be the BLT.
ie., w(cz+d)=az+b or z(cw—-—a)=-dw + b
_—dw+b
T caw-a
This gives z____é__z:v_t__k where ad - bc # 0
cw-a

Let us consider the equation of a circle in the complex form,
Azz+Bz+Bz+C=0 ' ... (D)

Substituting the expressions for z,z we obtain,
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A(“m”+ﬂ(7f?fﬁJ+B[iﬁ?fﬁ)+§fdw+b]+C=0
cw - a cCwWw— a cCw — a cw — a
ie, A(-dw+b)(-dw+b)+B(cw-a)(-dw +b)

+ B(—-dw + b)(cw —a) + C(cw-a) (cw-a) =0

Multiplyingand collecting the coefficientof the like terms, thisequation canbe putin
the form

Puw +Qw +Rw+5=0 .. {2)
where P = (Add ~ Bcd - Bed + Ccc)
Q= (-Abd + Bad + Bbc - Cac)
R=(-Abd + Bbc + Bad - Cuac)
S=(Abb - Bab - Bba + Caua)
It may be observed that R = Q and hence (2) assumes the form
Pww+Quw +Qw+ S =0 ...
Further QQ - PS canbe simplified into the form
(BB - AC) (ad ~ bc) (ad - b¢) = (BB-AC) |ad-bc |?

(- oa=|a|? forany complex constant o)
We conclude that Q( — PS 2 0 aswehave BB > AC by data.
QQ=2PS

Hence we conclude that equation (3) represents a circle. It is obvious that a straight line
is transformed into a straingt line as a straight line can be regarded as a circle of infinite
radius. (It can be worked independently also ).

Thus we have proved that every bilinear transformation map circles or straight lines
in the z- plane into circles or straight lines in the w-plane.

WORKED PROBLEMS

Finding the bilinear transformation given the image of a set of three points.

Working procedure for problems
& Given Wy, Wy, Wy corresponding to 2y, Zy I3 We assume the bilinear

az + b
cz + d

transformation in the form w =
9 We substitute the given set of points to obtain a set of three equations in four
unknownsa, b, ¢, d.

¥ Wededucea pair of equation in any three unknowns and solve by the rule of cross
multiplication to obtain a proportionate set of values for the three unknowns.
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2 These values are used to find the fourth unknown.

o  All these four values when substituted in the assumed form of w will give us the
required bilinear transformation.

1.  Find the bilinear transformation which map the points z = 1,i, —1 into w = (0, -1
Under this transformation find the imageof |z | <1

+ b
>> Letw:az
cz+d

We shall substitute the given valuesof z and w to obtain three equations as follows.

be the required bilinear transformation.

z=1 w=1 gives iz-a—j.—b
c+d
ie., a+b-ci—di=0 ) (1)
z=1 w=0 gives 0=:::Z
ie, ai+b=0 B 2
z=-1 w=-i givés —i='-a'HJ
-c+d
ie., -a+b-ci+di=0 , .3
Now (1) + (3) gives 2b — 2ci = 0
or b-ci=0 oo )
We shall solve (2) and (4) by writing them in the form
ia+1b+0c=0 . (2)
Qa+1b-ic=0 ..-(4)
Apply ;the rule of cross multiplication we have,
a ___-b __¢
1 0 i 0 i 1
|1 —i \0 —il 0 1'
ie., %:%zg or :q-lr=_—bl-=—=k (say)

a=-ik b=-k c=ik
Substituting these in (1), we have
~ik-k+k-di=0 ie, —(di+ik)=0 or d=-k
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Substituting the values of 4, b, ¢, d in the assumed bilinear transformation we have,

-ikz -k _-k(l+iz)
ikz -k  -k(l-iz)

1+iz . . - .
Thus w= 1 - is the required bilinear transformation.
-z

Remark : Alternative method to find a, b, c, d is presented in some of the problems to
follow .

Note :

1. The answer can be verified by substituting the values of z in the RHS and the resulting
w must tally with that of the data.

C1+i (14 1+ 4+ 2
T1-i 0 1R 1-(-1)

If z=1 w =-22—I=i

iw-1+i2—1_1—9—0
“T 1R 141 27

¥

™~
It

C1-i (=i 1+ -2 _

14+ 1-4# 2

If z=-1 w

2. Since k is a constant multiple in the values of a, b, ¢, d it gets cancelled in the final
form of w. Therefore we can as well avoid this constant multiple in the values of a, b, c, d.

Now let us find the imageof | z | < | under the obtained BLT.

The bilinear transformationis w = it:;
: : . L. lfw-1} .(1-w
ie., I+iz=w(1-iz) or z(i+iw)=w-1orz= ; [—w+1J—I[l+w]
2l < | = [i] |22 <o l1-w)2<|14w]|2
1+w .
; , 2 . 2
ie., f1=(u+iv)|® < | 1+(u+iv) |
ie., |(1—u)—iv|2< |(1+u)+iv|2
ie., (1—14)2+1,12<(1+u)?‘+v2
ie., —2u<2uor0<4uordu>0=>u>0

Thus u > 0 istheimageof |z | <1

- e o R M M e e e e e o W W M ER R A S = e TR W e o e R e R R B R M W e = o Em e dm e o e e
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2. Find the bilinear transformation which map the points: z = 1, i,~1 into
w = 2, i,—2. Also find the invariant points of the transformation.

az+b . s .
>> Let w = . be the required bilinear transformation.

+d
z=1,w=2,2=a+b
c+d _
ie., a+b-2c-2=0 (D)
2=iw=i;i="%E
’ ! ci+d |
ie., ai+b+c—-di=0 : ' ... (2)
z=—1,w=—2;-—2=—a+b
-c+d
ie., -a+b-2+2d=0 ... (3)
(1)+(3)gives 2b — 4c = 0
or b-2c=0 ... (4)
(2)+i x (3) gives,
(1+i)b+ (1-2)c+id=0 (D)
Let us solve (4) and (5) by writing them in the form,
-2 +04d =0 ()
(1+i)b + (1-2i)c +id =0 ... (5)
Applying the rule of cross multiplication we have,
b o =C d _
-2 ‘?\ t ‘?| L2 .
(1-2i) i (1+i) i (1+1) (1-2i)
ie. _b_=_—-_c=_d"
’ -2i i 3
b=-2i, c=-i, d=3.
With these values, (1) becomes,
a-20+2-6=0 . a=6
Thus by substituting the values of 4, b, ¢, d therequired bilinear transformation is
6z - 21

-iz+ 3
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Further, the invariant points of this transformation are obtained by taking w = z

e 4 = 6z - 2i

T iz +3

ie., —izl + 32 -6z +2i=0
ie, —iz2-32+42=0

Applying the quadratic formula we have,

—(-3)+ V(=3P -4(-i)(2) 3+V9-8
-2 S =2

3+1 4 2 -2 -1

-2 =2i’ -2i

ie., zZ =

Thus 2z =214, i arethe invariant points.

- e e o v e o E o v = i AR Er s me e e e W o v i d S En Em e MM M M W e m v A M W e e

3. Find the bilinear transformation which maps z; = -1, z, = 0, z3 = 1 into

w1=0,w2=1, w3=31.

>> Let w = az: Z be the required bilinear transformation.
2 =-1, w, =0; b= __::Z
ie., -a+b=0 (D
2 =0, w,=i;i=t?
272 ’ 0+d
ie, b-di=0 e
z, =1, w3=3i;3i=‘:z
ie., a+b-3ic-3id=20 - (3)
Now (1) —(2) gives,
—a+di =0 .. (4)

Let us solve (2) and (4) by writing them in the form
Ga +1b -id=20 e (2)
-la+0b+id=20 ... {4)
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Applying the rule of cross multiplication we have,

a _ —b___ d
1 -i| | o -i] Jo 1
0 i -1 -1 0
e A_zb_d
i - 1

a=14, b=i d=1
With these values (3) becomes i + i — 3ic — 3i = 0
Le., =3ic-i=0o0r3+1=0 . c¢c=-1/3
Substituting the values of a, b, ¢, d the assumed bilinear transformation becomes

iz+i  3i(z+1)

PETAY1 T 243
This can also be written in the form w = M
i(iz — 3i)
. . . 3z+3
Thus the required bilinear transformationis w = iz 31
4. Find the bilinear transformation which maps z = e, i,0 into w = -1, -4, 1.

Also find the fixed points of the transformation.

>> Let w = = : Z be the required bilinear transformation.
z = oo, w = -]; the bilinear transformation is to be written in the form ’
_zla+(b/z)]  a+(b/2)
T zle+(d/z)] c+(d/z)
a+{
—1—C_|_0 (- 1/2 = 0 when z = o)
ie., a+c=0 (1)
zZ=1 w-—i-——i—m+b
ST ! T+ d
ie., at + b-c+di =0 ...(2)
0+b
z-0,w—1,1-0+d

ie., b-d =0 ... (3)
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Now (1) + (2) gives,
(1+i)a+b+id=0 o (4)
Let us solve (3) and (4) by writing them in the form
Oa + 16 -1d =0 (3
(1+i)a+ 1 +id=20 (4
Applying the rule of cross multiplication we have,
a__ ~b _ d
1 -1 0 -1l "] o 1
1 i 1+1 i 1+ 1
a -b d a b d

i+l 1+i —(1+i) & 17171
a=1>b=-1,d=-1

Alsofrom(l) c¢= ~a o= -1
Substituting the values of a, b, ¢, d the assumed bilinear transformation becomes
lz -1
T -t.z-1

- 1-z . .1 .
Thus w = 13z 8 the required bilinear transformation.

Further, the invariant points are obtained by taking w = z
_1-z
T 14z
ie., 2 +22-1=0

-2+ Vi+d -2 207

Z = =
2 2

Thus the invariant points are -1 + ¥2 and -1-+2.

Note : If the equations are simple we can find a, b, ¢, d without going to the method of
cross multiplication and the same is illustrated as follows.

ie, z or z+2=1-2

=-1+2

Using c=-aand d =5b in(2Q)wehave ai+b+a+bi =0
or a(l+i)=-b(l+i)>a=-b

So we have a=-b, c=b, d=b Choosing b =1 for convenience we have
a=-1,¢=1,d=1.

The required BLT is w = z+1
z+1

{This technique can be employed in the earlier problems also]

1-2
or w = ——
1+2
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5. Find the bilinear transformation which maps the points z = 1, i, -1 into
w=0,1,00

>> Let w = Z; : Z be the required bilinear transformation.
z=1,w=0; 0=22
c+
ie., a+b =0 o (1)
ai+b
z=i w=1; 1_ci+d
ie., ai+b-ci-d=20 ... (2)
z==1, w = o ; Considerlzcz+d
w az+b
When z=-1, w = ; wehave lL/Yw =0
_-c+d
T —a+b
ie, -c+d=0 ... (3)
Now (2) + (3) gives,
ai+b-(1+i)c=0 ‘ @)
Let us solve (1) and (4) by writing them in the form
la+ 16 + Oc =0 LD
ia+1b-(1+i)c=0 ... (4)
Applying the rule of cross multiplication we have,
a _ -b . c
1 0 1 0 1
1 —(1+i) i~ (1+i) i1
a -b c

oo T(aen T -1+ 14

a=—=(1+i)b=(1+i), c=(1-i). Alsod=c=(1-1i)
Substituting these values in the assumed BLT we have,

_=(l+i)z + (1+i)
T o(1-iYz + (1-1)
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ie. w=(1+0 [1~z]
(1-i) | 1+=z

Multiplying and dividing with (1+i) we obtain

Lo i (12 _1+Pe2i(1-2) _ . (1-z
1-2 {1+z) 2 1+z ) | 1+z

Thus the required bilinear transformationis w = i [MJ

o W e e ey ke s Em e o e A B EE MR B Er e e N e e e R MR R MR W T o e e W W oW W e

6.  Find the bilinear transformation that map the points : z, = 0, z, = —i, 24 = 2i into

the points w, = 5i, w, = e, wy = —i/3 respectively. What are the invariant

points of the transformation ?

az+ b
>> Let w =

T d be the required bilinear transformation.

. . b
zl=0,w1=51; 51=E

Le., b-5id=0

, . 1 cz+d
zzz—t,wz-oo,Conmderw—az_'_b
_—ci+d

-ai + b

ie., -ci+d=20

. , -i 2ia+b

23=24, wy=-i/3; F =5

ie., 6ia+3b-2c+id=0
Let us solve (1) and (2) by writing them in the form
1 + Oc — 5id = 0
0b ~ic+1d =0
Applying the rule of cross multiplication we have,
b ~C d

0 -sil 1 -5i] 1 0
-i 1 0 1 0 -i

D)

.2

(1)
.
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b=5c=-1,d=-i
Substituting these values in (3) we have,
6ia+15+2+1=0o0r6bia=-18 . a=-3/i=3i

Thus the required bilinear transformation is

3iz+5 -3z+5i
w= = p
—-Z=1i -iz+1
Note: b = 5id and ¢ = d/i = —id from (1) and (2) respectively.
Using these in (3) we geta = ~3d
Choosing d = 1, wehave b = 5i,c=~iand a = -3

-3z+5i

Thus the required BLT is w = —
—iz+1

Now, let ustake w = z for finding the invariant points.

3iz +5
z=—-

; or—zz—iz—3iz—5=0
—-z~1

Le.,

Hence we have, 24+ 4iz+5=0

~4i + V(4i)? - 415 4 + 3677 —4dité6i
A = - =
2 2 2
—4i + 6i —4i - 6

ie., zZ = 2 , 5 or z=1i —5

Thus the invariant points are z = i, — 51

7. Find the bilinear transformation which map the points z = 0, 1, e into the points

w = -5, -1, 3 respectively. What are the invariant points in this transformation?
az+b . i .
>> Let w = 4 be the required bilinear transformation.
b
z=0,z‘v=—5;-5=a"
ie., b=-5d (D)
z=1,w=—1,—1=m
c+d
je, a+b+c+d =10 2

_zla+(b/z)] a+(b/z)
Czle+(d/z)) c+(d/z)
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=
<

+
C+
ie., a=3¢ o (3) -
Using (1) and 3) in (2) weget 4c-4d =0 orc=d
Choosing d =1 weget c=1,b=-5,a = 3.

Now consider z = o0, w =3 ; 3 =

|

o

Thus the required bilinear transformationis w = 3;: 15
The invariant points are obtained by taking w = z

le., Z=3zz+—15 or Z2+z=32z-5 or 22-22z+5 =0
Hencez=2im=214i=li2i

2 2
Thus z =1 % 21 are the invariant points.

Miscellaneous problems

8. Find the map of the real axis of the z-plane in the w-plane under the transformation

=1
Tz
>> The equation of the real axis of the z-planeis y = 0 and we have by data,
1 . 1 .
w=_—"" o zZ+i=— or z=-——]|
zZ+1 w w
Hence we have,
x+iy = . I S L
u+iv (u+iv)(u—iv) W+ 2

. iy U +i -7 1
ie., xX+iy=—F"-—5+1i| —— -
T W+ v

Equating the imaginary parts we get y =

- -1
u2+02

Putting y = 0 ( the equations of the real axis ) we have,

ie., —uz—vz—v_:o or W +v*+0=0

2
. o2 1y _1_
ie., {u-20) +[v + 2) 3= 0

e mor o [AF-(3]

This is a circle in the w-plane with centre (0,-1/2) and radius 1/2.
Thus we conclude that the map of the real axis of the z-plane is a circle in the w-plane.
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9. Show that the transformation” "w = 2z +3 maps the circle 2+ y2 —4x =0 into

a straight line.

2z + 3
>> Bydata w =
>> Bydata w -4 .
ie., w(z-4)=2z+3 or z(w-2)Y=4w + 3
dw +3
z-awﬂ2 ..
Since z=x+iy;z=x —:y,zz-—x2 y2 dm—x
Using these in 2+ y2 - 4x = 0 we have,
zz — 2(z+2) =0 .. (2)
Also we have from (1) z = fw + 3 and hence z = 4%0;;

Using these in (2) we have,
aw+3) (4w + 3 dw +3 dw+3)
— -2 + = =0
w - 2 w -2 w - 2 W~ 2
ie, (Qw+3) (4w +3)-2 (4w +3) (w-2)-2(dw+3) (w-2)=0

ie., (16ww+12w+12w+9)—(8ww—16w+6w-—12)
- {(8ww - 16w + 6w — 12) = 0

" On simplification we obtain, 22w + 2w + 33 = 0
Dividing by 11, we have, 2 (w + w) + 3 = 0
But w=u+iv; w=u-iv andwehave w + w = 2u

Thus we get 4u + 3 = 0 which is a straight line in the w- plane.
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10. Show that the transformation w = :4_-—; maps the x-axis of the z-plane onto a circle
| w | = 1 and thé points in the half plane y > 0 ontothepoints |w | < 1.

i-z
>> Bydata w = 1

ie., w(i+z)=1i-2z or z(w+1)=i—~iw
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5 = i(1-w)
T (1+w)
Le., x+iy:l(l"u “.”’)=U+z(l—-1f)
14+u+iv (1+u) +1v
ie., X + _U+‘(1—u).(1+u)_w

S (1+u)+iv (l+u)-iv

_loQ+u) - o(-uw)) +i[(1-u)(1+u) - 7]
(1+u) - 202 '

ie X +iy= T + 1 ———1_4‘2&02
(1+u) + o2 (1+u)? + o
y is obtained by equating the imaginary parts on both sides.

Since y = 0 is the equation of the x-axis we have,
2 2

(—1;—:)—21;0;5=0 or 1-u-v*=0
u* + v* = 1 whichisthecircte |w|2=1or [w]| =1
Furthery>0::~1—uz—v2>0::~1>uz+v2
Le., W+t <lor fw] <1

Thus we have proved the desired results,

y find (a) the inverse of the given transforma* ~n,
1

(b) the centre and radius of the circle mapped by the real axis of the z-plane.

iz+2
By data, w = ;
>> Bydata, w = "=
ie., w(dz +i)=iz+2o0rz(dw-i)=2-iw
~iw+2

Thus =z

=3 - is the required inverse transformation.
w —~ i

Nowusing 2= x + iy and w = u + iv wehave

—i{u+iv)+2 (v +2)-iu
d(u+iv)y-i  4u+i(4v-1)
(v+2)-iu _4u—i(4v—1)
du+i(dv-1) 4u-i(dw-1)

X+iy =

x+1iy
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[4u (v+2) —u(4v - 1)] - i{4 + (4o - 1) (v+2)]

X+ iy =
164 + (dv-1)?

‘+iy= 9u e+t 70 -2
16u? + (4v - 1) 1612 + (4o ~ 1)?

Since the equation of the real axis (x-axis) of the z-plane is y = 0, equating the
imaginary parts on both sides we get ¥ and hence we have

4+ 4 o -2
161 + (4o - 1)2

=0 or M +47 + 70 -2=0

Dividing by 4 we get, i + oF + %v - % = 0 which is a circle.

This can be written in the form,

2
2 7y _4 1 _
(u—0)+('o+8J 2_0

12.  Show that the transformation w = i i%z transforms the circle with centre origin

and unit radius of the z-plane into the real axis of the w-plane. Also show that the interior
of the circle is mapped onto the upper half of the w-plane.

>> The equation of the circle in the z-plane is 2+ f =1
ie., |z|2=1 or | z| =1 and the interior of the circleis |z | < 1

. we have to find the image in the w-plane correspondingto |z | <1

Bydata w = i [HJ

1+z
ie., w(l+z)=i-iz or z(w+i)=i-w
i—w - -i-w
z=——and z = ——.
i+w —-i+W

Also wehave zz = | z |?
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Consider zz = (%—w} [_l_ﬁJ = (1+w§) *i(w - @
t+w || -i+w (l+ww) - i(w - w)

zz<lor |z]2<1 > lz| 1
Hence we have,
(1+ww)+i(w-w)<(l+ww) ~i(w - w)
e, 2i(w-w)<O.
But w—;u-=(u+iv)—(u—iv)=2iv
Hence 2i(2i2) <0 or-4w<0orvz=0
v = 0 is the equation of the real axis in the w - plane.

Thus we conclude that the boundary of thecircle | z | = 1 is mapped onto the real

axis and the interior | z | < 1 is mapped onto v > 0 being the upper half of the
w-plane. '

This proves the desired resuit.

13.  Show that the transformation z = ﬁ maps the region D of the z-plane bounded by

the two circles x* + yz +2y =0 and 2+ yz + y = 0 conformally onto the strip
of the w-plane bounded by the lines v = 1 and v = 2.

>> Bydata z = ;}%-1“ and hence z = =+ 1

Also = x+iy, z=x-iy, zE=x2+y2, Z_‘ZE=y

Consider 22+ yz + 2y =0
ie., zE+%(z-E)=O.

Substituting for z and z we have,

2 2 12 __2 }_,
w+l w+1 ilw+l w+1}
ie., 4+%(5+1—w—1)=0
ie., 4+%(5—w)=0

ie., 4+%(u—iv—u-iv)=0 . or 4+%(—2iv)=0



174 ‘ COMPLEX VARIABLES -2

Le., 4-4v=0 or v=1
Again consider X+ y2 +y=0

, - 1 -
Le., zz+E(z-z)=0

e, . 2 1[2 2]=o

w+1'fu“+1+5 w+l W+ 1
ie., 4+%(a§+1-w-1)=0
: 1 )
ie., 4+?(—2tv)=00r4—20=0 or v=2

This proves the desired result.
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4.3{ Discussion of Conformal Transformations

Given the transformation w = f(z), weput z = x+iy or z = re'® to obtain u

and v as functionsof x, y or r, 6. We find the image in w — plane corresponding
to the given curve in the z - plane. Sometimes we need to make some judicious
elimination from u and v for obtaining the image in the w — plane.

At the end of the discussion of every transformation, a few possible questions on the
transformation is given for the benefit of the reader.

Discussion of w = z2

Consider w = z°

ie., u+iv=(x+iy)2 or u+£v=(x2—y2)+i(2xy)
u=x2—y2andv=2xy e (1)

Case-1: Letus consider x = €10 0 isacqnstant.

The set of equations (1) become u = c%—yz ;v =20y

Now y = v/2c; and substituting thisin u we get

U= ci—-(vz/flc:la) or 02/4c% = c%—u or % = —4c§(u—c%)

This is a parabola in the w —plane symmetrical about the real axis with its vertex at
(c% ,0) and focus at the origin. It may be observed that the line x = - ¢, is also
transformed into the same parabola.

Case-2: Letusconsider y = ¢,, c, isaconstant.
The set of equations (1) become u = X - c_.z)_ , U =2x¢,

Now x = v/2 <y and substituting thisin u weget u = ( v*/4 c% - c%
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or vz/4c§=u+c§ or 02=4c§(u+c§)

This is also a parabola in the w - plane symmetrical about the real axis whose vertex
isat (- cg » 0) and focus at the origin. Alsotheline y = —c, istransformed into the

same parabola.

Hence from these two cases we conclude that the straight lines parallel to the
co-ordinate axes in the z — plane map onto parabolas in the w - plane.

X=-c¢ Ay *T74 o )
-G
1w
y = 02 v1 4,ACI‘
} (_c:’ 0) (c,), G) 'U
x €
y=-6 1’,40:(1‘
3
z - plane w - plane

Case-3: Let us consider a circle with centre origin and radius r in the z - plane.
ie., lz] =7 - z=ré® Hence w=2=(ré?)?
ie., w=rPe® = R (say)soﬁ1atR=r2and'¢=29

This is also a circle in the w - plane having radius 7* and subtending an angle 26
at the origin.
Hence we conclude that a circle with centre origin and radius r inthe z - plane maps

onto a circle with centre origin and radius 7 inthe w—plane.

-y
Al

z - plane

w - plane
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Case-4: Let us consider a circle with centre 4 and radius r inthe z - plane whose
equation in the complex formis |z-a| =r

fe., z-a=ré® or z=a+re'®

02 2 y2arey P R0
ie., w—a2=2aref9+r2e2f9

Adding #* on both sides we have,

Hence w = z° = (a+re

w—a2+r2=2areie+rz(1+e2_"°)
e, w-(f-rP)=2ard?+RA(1+619)
ie., w-(a —12) —2re‘9[ +§(e“i9+ei9)]
fe., w—-{a —rz)-2ree(a+rcose)
Suppose w—(a*—1*) = Re' ¢ then this equation becomes

R = 2re’9(a+rcose) so that the pole in the w ~ planelsatthepomt(a —rz).
Now, R(cos ¢ +isin ¢) = 2r(a+rcos@)(cosB+isind)

Rcos ¢ = 2r(a+rcos0)cosf

Rsin ¢ = 2r(a+rcos0)sing
Squaring and adding these we have,

Rz(coszq: +sin2¢)=[2r(a+rcosﬂ)]2(cos29+sin28)

ié., R2=[2r(a+rcos€))]2

= R=2r(a+rcos®) ... (D)
AlsoRsin¢/Rcos¢ = tan® or tan ¢ = tan® = 0 = ¢ . (2)
Using (2)in (1) wehave R = 2r(a+rcos ¢) ...(3)

The curve given by (3) { where 2 > r > 0) is called a Limacon. (Standard form being
r=a+bcosB)

Hence, we conclude that a circle with centre ‘2’ and radius r in the z- plane is
mapped onto a Limacon in the w - plane.

In particular if r = 4, (3) becomes R = 247 (1+cos ¢) which is a ‘cardioide’ in the
w —plane [ Standard form being r = a(1+cos9)]
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AY ﬁV _ AV

QC\C

R
N
NV

z - plane W= plane w - plane
(Limacon) (Cardioide)
Question-1 Show that the transformation w = z° transforms the circle | z—-a| =r

onto a limacon or cardioide.

>> Case (4) as discussed already.

Question-2 Find the images in the w— plane corresponding to the straight lines
X=¢,%=¢C ;Y =k,y =k, underthetransformation w = 2. Indicate the region
with sketches.

>> Discussions as in case 1 and 2.

The parabolas correspondmg tox=c,x=¢,,y=k,y =k, are respectively
the pairs

vz=-4cf(u—c‘}); v2=—4c§(u~c§)
and vz=4kf(u+k§) ; 02=4k%(u+k§) :
Ay Vv —
2/
/4
y=k
] X
D g
n [ i ,
» = v
z - plane

Question-3 Find the region in the w~ plane bounded by the lines

=1,y=1, x+y =1 under the transformation w = 2. Indicate the region with
sketches.
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>> w=22

Thatis u+iv = (x+iy) = (Z-1*)+i(2xy)
u=x*-y*and v = 2xy ' ()

Consider x = 1 : (1) becomes u = 1-y2, v = 2y
Substituting v/2 = y in ¥ wehave u = 1—(02/4)

je., % = 4(1-u). Thisisa parabolain the w - plane with vertex (1, 0) and
symmetrical about the u - axis.

Consider y = 1 : (1) becomes u = Z-1,v=2x
Substituting v/2 = x in #, wehave u = (vr/4)-1

ie., ” =4 (1+u). This is also a parabola in the w — plane with vertex (-1, 0)
and symmetrical about the u - axis.

Consider x+y =1 or ¥y = 1-x :(1) becomes

U= ch—(lmx)2 oru=-1+2xand v=2x(1-x)
Substituting 2x = 1+u or x = % (1+u), v becomes

v=(1+u) [1— I;u] = (1+u)'(1;2u) or v =%(1—u2)

ie, 1-u® =20 or ul=-2 {v-(1/2})]. Thisis also a parabola in the w — plane
with vertex (0, 1/2) symmetrical about the v — axis.
The region is as follows.
AY x=1
y=1
(, 1) (1, 1)
(1,0)
>
+ *, X
¥
7
z- plane w - plane

Question4 If w = zz, sketch the family of the curves u = constant, v = constant.
Show that the two families of curves intersect orthogonally.
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5> w = 22 ie, u+iv = ('x+iy)2 = (xz—yz) +i(2xy)

Py, v=2xy (1)

Let u=o¢,v=:q(q and ¢, are constantg

u

1

These represent lines parallel to the co-ordinate axes in the w ~ plane.
Hence (1) becomes - y2 =0y, 22y = ¢,

These are rectangular hyperbolas in the w —plane.

Alsoif u = ¢/", v = ¢, wehave 2oy = ¢’y 2xy = ¢,

The region bounded by these curves is as follows.

¥4 AV
1
v =g,
V=g
»>
= | u
! I
-..h hl:}
z- plane w - plane

Now we shall show that x* - yz =0 and 2 x y=c, intersect orthogonally.

We need to show that the product of the slope of the tangents at the point of intersection
is equal to 1.

Py =c ;o 2xy=g¢

Differentiating these w.r.t. x we have,

2x—2y%=0 ; Z[x-d-%+y}=0
Y oy X . 4y, _ Y
dx =™ Ty - ’ dx - ™27
Nowm1m2=£-j=—1
y x
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Discussion of w = e*

Consider w = ¢

ie., u+iv =Y =& Y or u+iv = € (cosy+isiny)
u=¢ecosy, v =esiny (1)

We shall find the image in the w — plane corresponding to the straight lines parallel to
the co-ordinate axes in the = — plane. Thatisx = constantand y = constant.

Let us eliminate x and y separately from (1).
Squaring and adding we get

W o? = 2 @)
Also by dividing we get -E = :j—SE-y-
cos Y

ie, = tany -0

Case-1: Let x = ¢, where ¢, isa constant.
Equation (2) becomes w2 +v° = 2% = constant = 7 (say).
This represents a circle with centre origin and radius r inthe w - plane.

Case-2: Let y = ¢, where ¢, isa constant.

. v
Equatlon (3) becomes = tanc, = m(say) v=mu
This represents a straight line passing through the origin in the w - plane.
Ay x=c¢ AV
3 Vv = mhi
90" VNP
¥ C2 ~ .
U
X WV =r
z - plane w - plane

Conclusion :Thestraightline parallel tothe x —axis (y = ¢,) inthe z-planemaps

onto a straight line passing through the origin in the w —plane. The straight line
paralleltothe y—axis (x = ¢;) inthe z - plane mapsontoacircle with centre origin

and radius rwhere r = ¢“1 inthe w-plane.
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Suppose we draw a tangent at the point of intersection of these two curves in the

w-plane (At P as in the figure ) the angle subtended is equal to 90°. Hence these fwo
curves can be regarded as orthogonal trajectories of each other.

Question-1 Show that the transformation w = & map straight lines parallel to the

co-ordinate axes in the z ~ plane onto orthogonal trajectories in the w — plane and skeich the
region.

>> Discussionof w = ¢* as done already.

Question-2 Discuss the transformation w = & with respect to the lines represented as
co-ordinate axes in the z — plane.

>> The co-ordinate axes in the z - plane are representedby x = 0, y = 0.

We have obtained u? + 7% = &7 2
v
, = tany o )

When y = 0 (3)becomes v/u = tan0 = 0 or v = 0

- the x—axis (realaxis) inthe z- plane is mapped onto the u —axis (real axis) in
the w — plane. '

240 =-1

. the y axisinthe z planeis mapped onto a unit circle with centre origin in
the w~ plane.

..._..._____.....,____.._-......_____....___._.._-__..._-....___..__...__

When x = 0, (2) becomes u

Discussion of w = z+(a2/z) and w =2z+(1/z),z % 0

>> Consider w = z + (a%/z ).

]

Putting z = ré'® wehave

u+iv = re’le-i-(az/r)e_"B

ie., u+iv=r(cose+isine)+(a2/r)(cose-isinﬁ)
ie., u+iv=[r+(a2/r)]cos(-}+i[r-(a2/r)]sin9
= u=[r+(a2/r)]cose andv=[r—(az/r)]sin9 ...(1)

We shall eliminate r and 6 separately from (1).
To eliminate 9 let us put (1}in the form
[r+(a/r)] [r—(a®/r)]

Squaring and adding we obtain

= 8in @
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u? o?

[r+(¢:12/r)]2 ¥ [r—(az/r)]2

To eliminate r let us put (1) in the form,

=1,‘r¢a . (2)

— 2, L S
= 14 ( 1)) o = L= (/)]

Squaring and subtracting we obtain,

v - s =[?'+(ﬂ2/?')]2—[r—(a2/r)]2=4a2
cos?@  sin’6
2 2
or s s ———— = ] ... (3)
(2acosB) (2asinf)
Since z =ré"?, lz] =r and amp z = 0

|z]=r:>_\/?+y2=r or x2+y2=r2.

This represents a circle with centre origin and radius r inthe z-planewhen r isa
constant.

amp z = 0 = tan ! (y/x) =0 or y/x = tan6.
This represents a straight line in the z - plane when € is a constant.

We shall discuss the image in the w — plane, corresponding to r = const. (circle)
and @ = const. (straight line) in the z - plane.

Case - (1) Let r = constant.
Equation (2} is of the form

w1

A—z- + EE =1 where A = [r+(a2/r)], B = [r—(aZ/r)]
This represents an ellipse in the w — plane with foci (£ VAZ-B%,0) = (+ 22, 0)
since VAZ-B% = \l[r+(-:zz/1v')]2—[:"—(;12/1')]2 = V44® = £ 2a

Hence we conclude that the circle | z | = r = constant in the z— plane maps onto
an ellipse in the w ~ plane with foci (% 2a, 0).

Case-(2) Let 0 = constant.
Equation (3) is of the form

o
— -5 = 1 where A = 2acosB, B =2asin6.
A B

This represents a hyperbola in the w — plane with foci (+ VAZ+B?, 0)=(% 24, 0).
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Hence we conclude that the straight line passing through the origin in the z - plane
maps onto a hyperbola in the w - plane with foci (+ 24, 0).

Since both these conics (ellipse and hyperbola) have the same foci independent of r, 8
they are called confocal conics.

Ay 4
) . &
%
t i —»
(-2a, O) (2a,0)/) U
X+y=p

z - plane Cw- plane

Y

Question-1 What are the points at which the transformation w = z+ (a%/z) is not
conformal ?  Also show that this transformation maps the circle

| 2| = constant and the straight line ampz = constant into confocal conics.
2 2
3 dw 2,2 dwv z°-a
= -+ RS — = - r — =
>> w=z+(a/z) 75 1-(a/z°) or T 5

% will be equal to zero when 2-a®> = 0 or z = + 4.

Since f'(z) = %Z;U # 0-is the sufficient condition for the transformation w = f(z)

to be conformal the transformation w = z +( az/z) is not conformal at the points
z=xa

Discussion of cases 1 and 2 make up the proof for the second part of the question.

Question-2 Discuss the transformation w = z+(1/2 ) with respect to the curves

r = constant (# Q) and 0 = constant (% 0). Hence find  the image of
r=1and @ = n under this transformation.

>> The given transformation w = z+(1/z) is a particular case of the
transformation w = z +( az/z) where a = 1 discussed earlier,

Proceeding on the same lines we can say that the transformation w = z + (1/z) map
circles | z | = r = constantand straight lines arg z = O = constantinthe z-plane
into confocal conics in the w — plane with foci {(£2,0)
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Now we shall discuss the casewhen r = 1 and 6 = 7.
The transformation w = z+(1/z) will give us,

u=[r+(1/r)] cos8 and v =[r-(1/r)] sin®

Il

When r=1, u =2cos8 and v = 0. Alsoif 8 = n we have
u==-2, v=20, since cosm =-1.
v = 0 represents the real axis (u#—axis) inthe w - plane.

But {u| =2 | cos08 | <2 andhence theimage consists of the segment of the real
axisfrom -2 to 2 or -2 S u <2

Question-3 Find the image of the  circles |z| =1and {z]| =2
[Equivalentlyx2+y2=l,x2+y2=4] under the mapping w=2+(1/z)
>> w =z+(1/z) will give us,
u=[r+(1/r)] cos® and v = [r-(1/r)] sinO .
- Eliminating r, 6 separately we obtain ’
102 'l
20

- = [r+ () P-[r-(/r))P =4
cos 8  sin

2 2

or 7 5 =1 ... (2)
(2cos0) (2sin@)
2 2
Also ———+ C— =1, r 1 .. 3)
[r+(1/r)] [r=(1/7)]
Consider |z]| =1or r=1

Since we cannot use (3) we have from (1) u = 2cos9, v = Q.
Inthew - plane v = 0 represents the u - axisand we have,
|ul=2jcos®|<2 or -2 <sus<2

Hence we conclude that the circle | z | = 1 maps onto the segment of the real axis
from -2 to 2 inthe w- plane.

Nextconsider |z | =2 or r =2

Substituting the value of 7 in (3) we get,

u? o
5+ 7 = L
(5/2)%  (3/2)
This is an ellipse in the w —plane. Hence we conclude that the circle | z | = 2 maps

onto an ellipse in the w —plane.
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by Ay

S AN

B

z - plane w - plane
EXERCISES
Find the bilinear transformation which map the points as given.
1. z=2,1-2 to w=11~-1
2. z=1,i{-1 to w=10-1
3. z=0,-i,-1 1o w=1i110
4. z=2,1,0 to w=10i
5. 2 = e, 1,0 to w = 0,4, e, find also the invariant points.
6. z=1,i-1 to w =010

Find the invariant points of the Jollowing bilinear transformations {7 to 10]

z-1-1 3z - 5i
7. = 8, =
@ z+2 @ iz -1
9.w=_32_4 10.w=31z+'1
z-1 zZ+1

11.  Show that there are two points which are left invariant by the general bilinear
transformation. What is the condition that

(i} these two points coincide ?

(ii} these are two finite fixed points

(iii) one finite and another infinite fixed point
(iv) only one infinite fixed point.

12. Prove that w = z/1 -z maps the upper half of the z-plane onto the upperhalf
of the w-plane.

[Hint: Express z in terms of w and find x,y todiscuss for y 2 0]
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13. Show that the transformation w = z-i/1—iz maps the unit circle with centre
origin in the z-plane onto the real axis in the w-plane.

[ Hint: Expressz in terms of w and consider ¥* + y* = 1 written in the formzz = 1]

14. Prove that w = 1+z/1 —z maps the region |z | <1 onto the half plane
R(u) =2 0 being theregion u 2 0.

15. Given w = z—~i/iz—1 , show that the unit circle with centre origin in the
w-plane is mapped onto the imaginary axis in the z-plane.

16. Obtain the image of the region bounded by the lines x=1, x=2, y=1, y=2
under the transformation w = ¢ & sketch the region.

17. If w=2x+ i(by/a), 0 <a<b prove that the inside of the circle
2+ yz = a corresponds to the inside of an ellipse in the w-plane.

18. Given w = % [z +lJ show that,

(a) the transformation is not conformalat z = £ 1.

(b} thetransformationmapsthecircle | z | = constant and the straight line
arg z = constant into confocal conics with foci (£1,0).
ANSWERS
3z+ 2 : iz +1
Cw = 2. w= -
1w iz+6 @ (1-i)z
_i| 1z . 2(z-1)
3 w_l(l—z} bW (v 20)
5w="i;fci 6.w=5—_—1-
z z+1
7. -i,i—-1 8. i, -5
9. 2 10. i
2
-a) t - 4
11. Invariant points are z = (d-a) \f(d a)y + he where w = az + b
2 cz + d

G c#0, (d-a)® +4dbc =0
(i) c#0, (d—a)? + 4bc =0
(iii) c =0, d-a # 0
(v)c=0,d-a=0
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16. 1% + = ez; o+ v = el ; v/ =tanl, v/u = tan 2.
Jr ¥ Ay
7// =2
7

y=1
|/ ] v >
X

* X

f I

— e

w - plane z - plane

44| Complex Integration

Introduction

Wehavealready studied the topic  Vector In tegration inwhich we are acquainted with
various concepts and theorems associated with the vector line integral defined over a
curve C. In this topic we study the integration of complex valued functions defined
along curves in the complex plane.

Complex line integral

Consider a continuous function f({z) of the complex variable z = x + iy defined
atall pointsof a curve C extending from P to Q. Divide the curve C into n
parts by arbitrarily taking points P = P(z{) ) P (zy), Pz(zz) A ).

P (z,) = Q onthecurve C. Let & be any point on the arc of the curve from Py

to P, and let sz =2, — z,_y where k =1,2,3,. .n.
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4]

Then [t X f(o,) 8z where max |8z, | >0 as n — oo is defined as
n-—yee k=1

the complex line integral along the path C usually denoted by I f(z) dz
C

If C isasimple closed curve the notation é; f{z) dz is also used.
C

Properties of complex integral
(i) If-C denotes the curve traversed from Q to P then

j f(z)dz=-jf(z) dz
C

@(ii) If C is split into a number of parts C1 , C2 , C3 ,...,then

If(Z)dZ= f f(z)dz + f f(z)dz + f fz)dz + -
c C

Cl C2 3

(iii) If 7\.1 and 12 are constants then
[ Az £ Mf() dz= [ryazs n [ f(2) dz
C C C

Line integral of a complex valued function

Let f(z) = u(x,y) + iv(x,y) beacomplex valued function defined over a region
R and C bea curvein the region. Then

[ f(zydz= [(u+iv) (dx +idy)

C C
ie, |fzydz= [ (udx-vdy)+i [ (vdx+ udy)
C C C

This shows that the evaluation of a line integral of a complex valued function is nothing
but the evaluation of line integrals of real valued functions.

WORKED PROBLEMS

14. Evaluate_[ 7 dz
C »

(a) along the straight line from z = 0 to z = 3+1i

(b) along the curve made up of two line segments, one from z = 0 to z = 3 and another
fromz =3 toz=3+i
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3+7

y
>> (a) J‘zzdz= J' 2 dz t
¢ 2=0 B(3+i)
Here 2 varies from 0 to 3+ means that (x, y)
varies from (0,0) to (3,1). The equation of the
line joining (0,0) and (3,1) is given by 5 >

y-0 _1-0 _x
x-0 3-9 T ¥=3

Further z° = (x + iy)2 = (x2 - yz) +i(2xy) and dz = dx + idy
(3,1)

_[ 2dz = I {(xz-yz)+i(2xy)}(dx+idy)
C (0,0)
(3,1) (3,1) .
= I {(xz—yz)dx—nydy}-r i I {2xydx+(x2—y2)dy}
(0,0) (0,0)

We have y = % or ¥ = 3y and we shall convert these integrals into the variable y
and integrate w.r.t. y from 0 to 1. We also have dx = 3dy
1

[2dz= [ {92 - )3y - 2(3y )y ay]
C ¥=0
1

+i [ {203)y-3dy + (92 - Pay
y=0
1 1
= [ (249 - 62)dy + i [ (187 + 82y ay
y=0 y=0
1

= [ 18y%dy + i}26y2dy

0 Yy

1 31
=18 {£L+26i[il=6+§i

3 3 3

Thus I Zdz=6+ 33"6%' along the given path.
C
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(b) Segments from z = 0 to z = 3 and then from z = 3 to 3 + i means that
(x,y) varies from (0,0) to (3,0) and then from (3,0) to (3,1) as shownin
the following figure.

ﬂy
B3, D
G,

~

ol(0 ~ ¢ A@B,0 ¥

Izzdz= J'zzdz+ I 2 dz (D

C < ¢, -

Nowalong C, : y =0 = dy = 0 and x varies from 0 to 3. 22 dz becomes x” dx

AlsoalongC, : x = 3 = dx = 0 and y varies from 0 to 1.

22 dz becomes (3 + iy)2 idy. Now (1) becomes,

3 1
jzzdz= I xzdx+ij (3+iy)2dy
C x=0 y=0

x3 3 1
=[?L +if(9-Preiy)dy

y=0

26

Thus I 2dz=6+ i along the given path.
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15. Evaluate j | z Izdz where C is a square with the following vertices.
C
(0,0) (1, 0) (1, 1) (0, 1).

>> The curve C isas shown in the following figure.

Ay
R
. ©, 1) €
& 1ean
VC4 A Cz

- e
—
X

0,0 0 C, P(,0)

I|z|2dz=j|z[2dz+j[z|2dz+j|z|2dz+f|z|2dz (D)
C C C C C :

1 2 3 4
We have |z]2dz= (x2+y2) (dx + idy)
Along OP (C,), y=0 = dy =0 |z|*dz=2*dx where 0 < x < 1
Along PQ (Cy), x=1 = dx = 0. |z |%dz = (1 + y*)idy where 0 s y < 1
Along QR (Cy)y =1 :>dy=0.|z|2dz=(x2+1)dx where 1 < x <0
AlongRO(C4),x=0:>dx:O. |z[2dz=y2(idy) wherel <y < 0
Using these results in (1) we obtain

1 1 0 0
J1zrPaz= [Paxei [ (1e2)dy+ fe2enyar+i [P ay
C y=0 =1

x=0 x= =1
1 1 0
3
) 2 B y+-IZ + £+x + i ﬁ
3 3 3 ) 3
O SN
T3tFT3o3zsoltd

Thus I | z |2 dz = -1 + i along the given path.
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2+i

16. Evaluate I (2 dz along -
0

(a) theline x =2y, (b) the real axis upto 2 and then vertically to 2 +1i

249
>> Let 1= [ (Z)%dz

0
Wehave (Z)° = (x—iy)? = (") -i(2xy) 1)
and dz=dx+idy ' ..-(2)

(a) Along x =2y, dx =2dy
z=0to 2+i = (x,y) variesfrom (0, 0) to (2, 1) where 0 sy <1

1
= [[ad-yr-ia] @dy+idy)
y=20

(3—-4i)y (2+i)dy

N =

y=10
1 1
= [(0-5i)Pdy =5(2-i) [g} =§(2—i)
y=0 0
Thus I = g (2-1) along the given path.
® 1= | (2)Pdz+ | (3 dz ..
OA AB
N
_ }3(2,1)
0 > 1.0 > X

AlongOAwhereOz(0,0)&:A=(2,0);y=0 >dy=0&0<x<2
Along AB where A=(2,0) & B=(2,1);x=2= dx=0and 0<y<1
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From (1) and (2) we have,
along OA, (E)zdz = Pdx ;0 x g2

along AB, (z)%dz = [(4—;,2)—41'3;] idy ; 0<y<1

2 2
J (2Pdz= Ixzdx{% =3 | ()
0A x=0 0

1 31 1
[ @Pdz =i I[(4—y2)-4iy]dy=f[4y- L} +4{ﬁJ

3 2

AB y=0 0 0
I(E)zdz=2+%i ... {5)
AB .

Using (4) and (5) in (3) we have, | = g + [2 + % z')

Thus I= % (14+114) along the given path.
(2,4)

17.  Evaluate I (2y+x2) dx + (3x — y)dy along the following paths.
(9.3)

(a) theparabola x = 2t, y = 243
(b) the straight line from (0, 3)to (2,4)

>> (a) x varies from 0 to 2 and hence

ifx=02t=0 .. : 2} = t variesfromQto 1.

ifx=2 2t =2 =
(2,4)

I=[ (y+Pydx + (3 - y) @y
(0.3)

I= [ {20P+3) « a®} 2at 4 {3¢2) - (2 + 3y} 2t at
t=0



-
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1
1= [ [206 +6) + (6t-£-3)2 | at
0

=] (af 28 -6t 12y at

0
1 1 1
£ ¢ # 1
22 e[
1 33
=8-5-3+12="

Thus I = 33/2 along the given path.

(b) Equation of the straight line joining (0, 3) and (2, 4) is given by

y-3 _4-3
x-0 2-0
ie., I%ZE:% or x =2y — 6. Hence dx = 2dy.
Now, I=] i2y+ (2y-6) 2dy+ {3(2y-6) -y dy
y=3

[(ay? - 229 + 36)2 + (5y-18)} dy

(8y* - 39y + 54) dy

=8[3§£_39[]§]:+54[y]§

O ey W e W ey

= —g- (64 - 27) - %(16—9) + 54 (4-3)
296 273 97
=3 ~ 3 *H=7%

Thus I = 97/6 along the given path.

- e e e e o dm e o we = s e W e o T M e M m ee o m ow w as e e e ===
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18. Evaluate I z dz where C represents the following paths.
C
(a) the straight line from —i toi
(b) theright half of the unitcircle |z | =1 from —i toi

>> (@) z=x+iy . z=x-1y dz=dx +idy, C is the straight line joining the
points (0,-1) and (0,1) Here x = 0 = dx = (0, y variesfrom -1 to +1.

+1
I zdz= I (x—1y) (dx + idy)
C y=-1
+1 +1 +1
. ) 1 1
y=-1 -1 -1
Thus I z dz = 0 along the given path.
C
(b} The curve Cis shown in the following figure. ¥
C:|z] =1 Wecantake z = ¢'° ©, 1)

Also z=¢"'% and dz = ie%d0
From the figure y varies from -1 to +1 and x = 0

But x = cosf, y =sin8 o'
y=-1 : sinb=-1 - B=-n72 C
y=+1 :sinB8=+1 . 68=n?2 0,-1

/2 /2

Now [zdz= [ ¢™®.id%a0=i [1.40=i[6]"3, =

C 6=-n/2 -n/2

Thus I z dz = mi along the given path.

2+
19. Ewvaluate I (2x+iy+1)dz along the following paths :
1-i
(@) x=t+1, y=2£2-1
(b} straight line joining (1-i) and (2+1)
. 2> @ x=t+1, y = 221
dx = dt, dy = 4tdt. x varies from1to2.
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If x=1, t+1=1 t=0
x=2,t+1=2 oL =1

Also  dz = dx + idy

Let the given integral be denoted by I so that we ha§e,

lig_‘r-ali.___._.n—n

{20t+1) +i(22-1) + 1} {at + idtar)
0

I
t

(20+2iP +3—i) (1+4it)dt
0

t

(=86 + 102 + (120+6)F + (3-i)} dt

It
L S

1 -1 1
=-8 £ 10i il +6(2+1 £ +(3-D)[t]
= - 4 + 1 3 ) (I ) 2 ( 1) 0
:—2+%+3(2i+1)+(3—i)=4+%1

Thus =4+ Eg—t along the given path.

(b} Equation of the straight line joining (1,-1) and (2,1) is given by

y+1 1-(-1)
x-1 2-1
ie., ﬁ:z or y+1=2x-2 or y=2x-3
Hence the equation of the straight lineis y = 2x - 3 -~ dy = 2dx

2
Now = [ {2x+i(2x-3)+1}{dx+i-2dx}

x=1

[2¢1+i)x + (1-3i)] (1+2i) dx
1

B oty 83l

x

2
= [l21+i)(1+20)x + (1-3i)(1+2i)ldx
ox=1
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2
P= [ {2(=1+3)x + (1-3i) (1+2i) ) dx

x=1

2
=(1-3i) [ [-2¢+ (1+20)) dx
=1

X
= (1-3) {[- 21 + (1+20) (13}
= (1-3i) {-3+1+2i} = (1-3i)2(i~-1) = 2(2+4i)
Thus I=4(1+ 2i) along the given path.

20. If Cis acirlce with centre’ a’ and radius ‘v’ then show that
(a) I_@Z_=2m. (b)I(z—a)”dz:Oifni—l
c*® c

or
Show that j(z-a)" dz = {9 , !f n# -1 where Cisthecircle | z - a | = r.
ho 2ni if n=-1
>> On the given circle [z-a| =r wehavez—g =reie, Hence dz = jr¢' ® d8
Also, 00 <27
2n jedﬂ e
@ [ [ A0 [ e i[oR" < 2ni
z-a i0 0
C p=0 € 8=0
Thus J‘—dzH— =2mi
z—-a
C
2n
(b) Also I(z—a)" dz = J(re‘e)"ireleda
C 8=0
2n
— irn+1 Iel'(ﬂ"-l)e de
=0
, 14
_ e p(n+1)e
i(n+1) -0
n+1

[ef(n+])21! _ 1]

J (z-aY'dz ="
n

c +1
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But ei("+1)2"=cos(n+1)2n+isin(n+1)2n=1+i-0=1
cos2km =+1 and sin2kn =0 for k=1,23,...

Mt
Hencej‘(z—a)'1 dz = [1-1] =0 wheren # -1
n+1
C
oy j2mi if n=-1
Thus we have proved that, g(z a)’ dz= {0 i ome —1

Cauchy’s theorem

Statement: If f(z) isanalytic at all points inside and on a simple closed curve C

then If(z) dz = 0
C

Proof: Let f(z) = u + iv
_[f(z) dz = I(u+iv)(dx +idy)

C C
Le., If(z)dz=_[(udx—vdy)+ij(vdx+udy) (1)
C C ¢

We have Green's theorem in a plane stating that if M (x,y) and N (x, y) are two
real valued functions having continuous first order partial derivatives in a region R
bounded by the curve C then

_[de+Ndy— II (BN aa];] dx dy

Applymg this theorem to the two line integrals in the RHS of (1) we obtain,

Ifu)dz_u[ 9y 2w ]dxdyﬂjj(au 3y )y

Since f(z) is analytic, we have Cauchy-Riemann equations :
du dv  dv 8 u

dx ay dx

ff(z)dz— H(a” - dedy +i H( ;—S—U-J dx dy

Yy

and hence we have,

Thus we get If(z)dz = 0.
C

This proves Cauchy’s theorem.
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Consequences of Cauchy’s theorem
1. Statement If f(2) is analyticina region R and if P and Q are any two points
Q Q

in if then jf(z) dz is independent of the path joining P and Q. Thatis _[f(z) dz is
P P
same for all curves joining P and Q.

Proof : Let C; and C, be two simple curves joining P and Q such that both the

curvesliein theregion R. Then their union PAQBP asin the following figure below
becomes a simple closed curve C in the region R,

y

C,

Now by Cauchy’s theorem _[ flz)dz=0
C

ie, [fzydz+ [f(zyaz=o0

PAQ QBP
ie., _[f(z) dz - j-f(z)dz=0
PAQ PBQ
oo [fzyaz- [fzyaz=o0
C C

1 2

This implies that [ f(z) dz = [ f(z) dz.

_—-—_--——---—--——-..--—-—----—--—_--—_—-----—---—u—

2. Statement: If C,, C, are two simple closed curves such that C, lies entirely within
C, andif f(z) is analytic on Cy+ C, and in the region bounded by C,: C, (known as

the annular region) then I f(z)dz = I f(z) dz

o ‘ G
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Proof : Ay

Let us introduce a cross-cut in the form of a line segment PQ with the point P on
C, and Q on C,. Then the curve PRSPQTUQP as shown in the figure is a simple

closed curve and f(z) is analytic inside and on the boundary of C.

Hence by Cauchy’s theorem I f(z)dz=0.
C

Since C is the union of the arcs PRSP, PQ, QTUQ and QP, the theorem becomes

If(z)dz-i- _[f(z)dz+ _[f(z)dz+ If(z)dzzo
QP

C1 PQ —C2

ie., _[f(z)dz+If(z)dz"If(z)dz—_[f(z)dz=0
PQ PQ

= G

Thus [ f(z)dz= [f(z)az.

3. Statement : If C is a simple closed curve enclosing non overlapping simple closed
CUrves Cl’ C2, C3, e Cn and if f(z) is analytic in the annular region between C and

these curves then

[f(zydz= [fz)+ [fzydz+--+ [£(z2) az
C C

Cl CZ H

Proof :
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Let us introduce cross cuts from C to each of the curves C, G, - C,. We then
get a simple closed curve I' made up of C, C.C 2 . C, where f (z) is analytic
insideandon I'

by Cauchy’s theorem I f(z)dz=0.
r

ie,  Jf(zydz+ [f(zyae+ [flzydze . + [f(zydz =0
C -C -C -Cn

Here the integrals along the cross cuts cancel with each other because of the direction
being opposite.

jf(Z)dZ“ _[f(z)dz— If(z)dz _ If(z)d2=0
C

Cl CZ Cn
Thus we have proved that
Jfeydz= ffzyaz+ [fzydzs -+ [f(z)az
¢ 1 CZ Cn

Cauchy’s integral formula

If f(z) is analytic inside and on a simple closed curve C and if “ a ’is any point
within C then

flay= ;= [ L2 4,

2
s

Proof : Since ‘a’ is a point within C, we shall enclose it by a circle C, with z = g as
centre and r as radius such that C, lies entirely within C.

The function M

between C and C1

is analytic inside and on the boundary of the annular region

Ty
C1 ¢
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Now, as a consequence of Cauchy’s theorem,

[JRACI IPA P Q)
z—da Z—a
C o)

The equation of C, ( circle with centre ‘a’ and radius r) can be written in the form

| z—a | = r. Thatis equivalent to,

z—a=ré? or z=a+re? 0<0<2n dz =iré?do.

Using these results in the RHS of (1) we have,

2n i9 »
ILZ(ZH) az = [LEFIE) 5,09 g0
C - re

0=0
2n
ie., jfz(_—za) dz=i | fla+re®)do
C 8=0
This is true forany r > 0 however small. Henceas r — 0 we get,
' f( ) 2n
Z . _ 21 _ .
f Dz =i [ feaydo =if(a) [0™ = 2mif(a)
6=0
Thus f(a) = —2—% Izi_z;) dz [ Cauchy’s integral formula ]
C

Generalized Cauchy’s integral formula

If f(z) is analytic inside and on a simple closed curve C andif’a’is a point within
C then

f(n)(u)z ﬂ! ]. f(Z) dZ

Proof : We have Cauchy’s integral formula,

flay = — H2) g ()

2mi c (z—-a)

Applying Leibnitz rule for differentiation under the integral sign we have,

A d |1
fray =50 !f(z) 9a [ ]dz

z-4a
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e, f(a)= o If(z) {(-1) (z-a) 2. (-1)} 2

f f(z) Q)

2nz & (z- a)

ie., f'(a) =
Applying Leibnitz rule once again for (2) we obtain

£ (a) = == If( )—[(z ay 2] d

211:1

Py Jf(z) c(=2)(z-ay 3 (-1)dz
C

- ’” = I f(Z)
Le,  f"(a) i C'!-(z-a)g' dz

Continuing like this, after differentiating # times we obtain,

.. (3)

f(ﬂ)(a).._z ! I f(Z) dz

n+1
i C(Z"ﬂ)

Here f (") (4) denotes the n'™ derivative of f(z) at z = a.

WORKED PROBLEMS

21.  Verify Cauchy’s theorem for the function f(z) = 2° where C is the square having
vertices (0, 0)(1, 0)(1, 1)(0, 1).

>> Ay
) B
C{0,1) N (L, 1)
A 4 A
A
> —
d(o, 0) 1,0 x

C isthe square OABC and we have by Cauchy’s theorem f f(z)dz=0.
C
Therefore we have to show that,

2dz + Izzdz+ Izzdz+ J-zzdz=0
0A AB BC Cco
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Along OA, y =0 .. dy=0,;0=sx<1
zzdz=(x+iy)2(dx+ idy) = ¥ dx

0OA x=0
_[zzdz=% . (1)
0A

Along AB, x=1 . de=0;0=<y=<]1
Adz = (x+iy) (dx +idy) = (1+iy)idy
1

Izz dz = i I (l+iy)2 dy

AB y=0
1
=i [(1-y% + 2iy)dy
y=0
- 1
= iLy—-'3£+ iyzl
f1-tai]-if 2
—1L 3 —‘ 3 1
Izzdz=—1+%l @)
AB '
Along BC, y=1, . dy=0;1<x<0

2dz = (x+iy)2 (dx + idy) = (x+i)2dx

0
Izzdz= I(x2+2ix—1)dx
BC x=1
0
2 -1 . 2 .
==[?;-+:x2-x =3 ! + 1= 3 -1
r=1
I?dz:%—i ... 3)
BC
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Zdz = (x + iy) (dx + fdy) = —iyzdy

[ 2z = } -ifd;,:-i[?f:%

Izzdz=% ... (4)
cO

Adding (1), (2), (3), (4) we have,

[2a+[2a:+ | 2ar [2a
oA |} AB BC Co

1 2i 2 . i
=§+(—1+3)+(§-1J+§—0

Thus J. z2dz = 0. Hence Cauchy’s theorem is verified.
C

22.  Show that _[ |z|?dz=i-1 where C is the square having vertices
C .
(0,0)(1,0)(1, 1)(0, 1). Givereason for Cauchy's theom. not being satisfied.

>> Referring to Problem-15 we have obtained

frz12az<i-1.

C

According to Cauchy’s theorem we must have had
[1z1%dz =0
C

But Cauchy’s theorem imposes the condition on f(z) tobe analytic.
Here f(z)= |z |2 o u + {v =x2+y2

u= 2+ y2 and v = 0
Also u, = 2x, uy=2y, vxz_(), vy:O

Cauchy-Riemann equations e =, and v, = ~u, are not satisfied.

Hence, f(z) = | z |2 is not analytic.
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23. Verify Cauchy's theorem for the function f(z) = ze” % over the unit circle with origin
as the centre.

>> We have to evaluate fze_z dz where C isthecirce |z | = 1.
' C

z=¢% 0<0<2n dz=id%do

2n o 21 "
[ zezaz= | e id%a0 =i [ &0 do
C 0=0 8=0
Put P =t - £%ide=dt or de:%

When 6 = 0, t= =1

0=2n, = ezni =cos21m + isin2m =1

1 1
-z 5 . 2 1 dt _ o
Ize dz-:jte it—_[te dt =0
c t=1 t=1

(Since both the limits are same, the value of the integral is zero)

Thus I z¢"% = 0. Hence Cauchy’s theorem is verified.

24. If f(z) = u+iv where u and v are functions of x, y having continuous partial

derivatives in a region R and I f(z) dz = 0 for every simple closed curve C in the
-
region then show that f(z) is analytic in the region R.

Proof :

We have, If(z)dz:_[ (u'+iv)(dx+idy)
C C

ie, [ flzydz= f(udx-vdy)+if(vdx+udy) )
C C C
We also have Green’s theorem in a plane,

é[de+Ndy= Ig(%—%—ﬂj—]dxdy
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Applying this theorem to the line integrals in the RFS of (1) we obtain
dv  du . du dv
C_[f(z) dz = J-é" (— 3y ayJ dx dy +i J.,'! (ax - ay) dx dy

As _[ f(z) dz = 0 by data, both the terms in the RHS must be zero.
C

Hence we must have — Q - Q—Ii = ( and "a—li - i_)_v =0
0x y dx dy
dv du du dv L
31 _ay and <=3 at all pointsin R.

These are Cauchy-Riemann equations and hence we can say that f(z) =u + iv
satisfy Cauchy-Riemann equations in R. Since we also have by data that the partial
derivatives are continuous, we conclude that f(z) is analytic in the region R.

Remark : This is the converse of Cauchy'’s theorem and is known as Morera’s theorem.

Problems on Cauchy’'s integral formula

Working procedure for problems _
¥ Weneed to evaluate integrals of the form I Hz) dz ; I L@ dz
C(Z_a) c (z—a)n"'.l
over a given closed curve C.

> Firstly we have to find out whether the point z = a lies inside or outside the |

given curve C. [ Refer to the Note in Problem-25 | -

¥ If z =2 isinside C then we use Cauchy’s integral formula in the forms

Ifz(_—za) dz = 2mif(a)
C

H.

S (z-a yit
¥ If the point z = a is outside C and supposing that F(z) = E‘%' or
(zf(a% is analytic inside and on the given curve C we can conclude that
j F(z)dz = 0 by Cauchy’s theorem.
C

2 Inother wordsif z = a is outside C the value of the integral is zero.
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Z
€ .
Ttin dz over each of the following contours C:

25. Evaluate I
C
(@ |z|=2n ) |z|=n2 () |z-1]| =1

>> We have to evaluate the integral which can be written in the form
[-—f 4z whichisof the form [{Z)
c z=(—iT) pe z-a

Here f(z)=¢" a=-in
AY
(0, 2m)

(-2m, 0) / \(21:, 0)
NG

10, -2n)

(@) |z | = 27 isa circle with centre origin and radius 2=

Thepoint z = a2 = —im is the point P (0,-7) lies withinthecircle [z | = 2=

We have Cauchy’s integral formula I% dz = 2mi f(a)
C

Wehave, f(z)=¢, a=-imn

eZ .
d " . _; = . --11:=2 . it :_2 .
(':[7-"'”‘ z=2mif(-im) = 2mie mt(cosm—isinm) i

Thus I dz=-2mni where C isthecircle |z | =2

Z+iR
C

® |z | = m/2 is a circle with centre origin and radius n/2. The point P (0,-7)

lies outside the circle | z | = n/2 and

|z | = n/2.

— is analytic inside and on the circle
z+im
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(0, -n/2)
--P (05 -TC)
By Cauchy’s theorem,
r4
I — dz=0,whereC: !z | = z/2,
pa Z+1R
() [z-1] =1 isacircle with centreat z = 4 = 1 and radius 1. Thatisa circle

with centre (1,0) and radius 1.

AY

N

F (0, -m)
The point P(0,-7) lies outside the circle |z=1] =1 and hence by Cauchy’s
theorem
[—£— 4z=10, whereC is |z-1]=1
C Z+HIM
Note: In order to decide whether a point lies inside or outside a given circle we can emyloy the
following procedure.

If A isthecentreand r. istheradiusofthe givencircle,apoint P lies inside the circle
ifthedistance A P islessthan r, outside the circle if the distance AP is greaer than
r.If AP =r, obviously P isa point on tte circle.

In this problem we have

Case-(i) : A=(0,0),P=(0,-n);r=2x
‘AP =1 < 21t = P isinside the circle.

Case-(ii) : A = (0.0), P=(0, -n);r=n2

AP =1 > n/2 = P is outside the circle.
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Case-(iii) : A=(1,0), P=(0,~m) ; r=1
=V1+7m > 1 = P is outside the circle.

26. Evaluate _[ 3
cZ- _
(@ C:|lz| =1 W C:{z]|=3 () C:|z+2] =1
1 1
2-4 (2-2)(z+2)
Resolving into partial fractions,
1 __A_ B
(z-2)(z+2) z-2 z+2

over the following curves C.

"
»> Consider

or 1=A(z+2)+B(z-2)

Putting z = 2 1=A(4) n A=1/4
z=-2 1= B(-4) .. B=-1/4
Now 1 _1 o1 11
(z-2)(z+2) 4 z-2 4 z+2
dz II dz 1 j‘ dz
| R (D)
C(z—2)(z+2) 4Cz— 4Cz—(—2)

(@ C:lz|=1;z=a=2and z=a= -2 both of them lie outside C.

Thus by Cauchy’s theorem I 0 where C: z]| =1

| 22 1
_;:(b) C: |'z | =3 ;z=a=2 and z =a = -2 lies inside the circle. Also in each
of the integrals as in the RHS of (1), f(z) =1

Applying Cauchy’s integral formula,

I%_z‘al dz = 27i f(a) we obtain

dz

o~ =2mif(2)=2ni. 1 =2mi

2 me( 2)=2mi-1=2ni
C

Substituting these in the RHS of (1) we have,
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dz 1 1
=2(21i) -~ (27i) =0
[75-1an -4

Thus f—éz—4=0wherec: |z] =3
c*-

(© C:|z+2] =1. This is a circle with centre (=2,0) and radius 1.

Let A =(-2,0)and P = (2, 0) Hence AP =V4 =251

~ thepoint z = a = 2 lies outside the circle and clearly the point z = 4 = -2
being (-2,0) lies inside the circle.

Hence by Cauchy’s theorem _f ;% =0
C

Also by Cauchy’s integral formula,

z+2_fz (=3, = 27! f(~2) where f(z) = 1

C
%‘Zﬂ:l 1=2ni
c ozt
Substituting these value in the RHS of (1) we have,
J‘ dz _1_0_1.2 ;o i
A_4 4 g T ET

-—--—--—-—u.——-—-—--—--—-.————--———-.——-._—-.-—-..- _____

27. Evaluate I

oin where C is the circle (a) fz| =21 ) lz] = n2
C .

>> This problem is similar to Problem - 25..
In the case (a), the point z = in ljes inside thecircle |z | = 2.
We have Cauchy’s integral formula

ff( ) dz = 2mif(a)

C
Taking f(z) =€ and a = in
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Z

f £ dz=2mif(in) = 2mié™ = 2mi(cosm+isin®) = -2 i
CZ in
Thus I ¢ dz=-2mi for C: |z| =2n

z—im
C

In the case (b) the point z = i 7t lies outside the circle |z| =n/2, ¢ (z)=

Z~im
is analytic inside and on this circle.

Hence by Cauchy’s theorem I o (z)dz =0.

C
Thus I ez' dz=0 for C: |z | = w2
z—in
c
28, Eva.luate I e dz where Cisthecircle |z | = 3.
(z+1)(z-2)

C

>> Thepoints.z = a =-1, z =4 = 2 being (-1,0) (2,0) liesinside} z | = 3.

Now we shall resolve (z71 )1 (z-2) into partial fractions.

1 __A_ B
(z+1)(z-2) z+1 z-2

~ or 1=A(z-2)+ B(z+1)

Puttng z=2, 1=B(3) . B=1/3
Putting z =—1, 1=A(-3) . A=-1/3
Hence _-1 1 1 1
(z+1)(z-2) 3 z2+1 3 z-2

D O - il

(z+1)(z-2) 3|z-2 z+1

C

Z
i e dz 1 & o2
= I(ZH)(Z-Z):gL{ al2 - g—ﬁd’l (1)
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We have Cauchy’s integral formula,

j% dz = 2mif(a)
C

Taking f(z) = ¢®'and a = 2, -1 respectively we obtain

e~ : 4
é[z—_2~ Az =2R|if(2) =2mie

and _[—~dz—2nif(-1)=2nie‘2=2f;i

Substituting these in the RHS of (1) we obtain,

I ¢ dz =1 2me4—2—-
o (z+1)(2-2) 3 2

2 dz 2mi a1
Thus é[(z+1)(z—2)= 3 [ }J

832
29. Evaluate I — dzover C: }z| =1.
o 7z

>> Thepoint z = 0 lies within thecircle | z | = 1 and we have Cauchy’s integral
formula in the generalised form,

J AR g 2 22 (g

n+1l
c (Z"a)

Taking f(z) = €% a =0, n =1 in this formula we obtain,

3z .

S dz =2 ray ; Also f1(2) = 36%
12 1l

e3z
|5 &2 = 2ni (3°) = 2i (3) = 6 i
12 |

¥4

e dz = 61i
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30. Evaluate I—+Z-2+—1 dz over C: |z| =3
-2)°
>> The point z = 2 lies inside thecircle |z | =3

We have generalised Cauchy’s integral formula,

f(z) 211:1 (n)
C(Z—ai!)""'1 n! AR
Taking f(z) = 2> + z + 1 ,weobtain f” (z) =2 . f"(2)=2

Alsoby taking a4 = 2, n = 2 we have

Izz””d _Zz’ﬁ'f"(z =%.2=2m‘
c ftz- 2)
Izz+z+1 P
c (z- 2)
NE :
31. Evaluate I——““'g dz where Cisthecircle |z | = 1.
c (2z-1)
>> We can write the given integral in the form

J_ eTEZ 1 I eﬂZ
cl2(z-i/2)P 8 (z-irz?
The point z= i/2 being (0,1/2) lies within the circle |z] =1
We have generalised Cauchy’s integral formula
f 21:1
J—LEL g 2 25 ()
C (Z""ﬂ)
Taking f(z) = "% a = i/2, n=2 wehave
e’ 2mi
———dz = = Y (i72) = wif" (i/2)
g(z—i/z)f" 21/ d
Multiplying by 1/8 we have,

1 1
=z - mif”(i/2) ; But f'(z)=mw’
g(z 72y 3 nif”(i/2) ut f”(z) e



